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A unified framework for four 4D ensemble-
variational algorithms (En4DVar and 4DEnVar)

The relationship among the EnVar algorithms
(Approximations and equivalence )

ARPS 4DEnVar framework design

OSSE for a storm case



Hybrid En-4DVar (Lorenc 2003, Clayton et al 2012)

Static B part Ensemble covariance part
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ADEnVar-NPC (Non-Propagation of alpha Control
variable)

Two approximations

(1) Neglecting temporal propagation of alpha control variable by TLM
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AJM avoided !!

(2) Use nonlinear model ensemble forecasts to replace the
temporal propagation of perturbations by the TLM

LtX;:)i ~ Mt(xbi)_ Mt(xb)
TLM avoided !!




Hybrid 4DEnVar
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Ensemble covariance part
(Liu et al 2008, 2009)
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perturbation matrix S; :(x'bi x'bi)
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ADEnVar-NPL (No Propagation of Localization)
Two approximations

(1) The localization matrix propagation by TLM is neglected

Lt[S[nOC' SLZOC' SLNOC']
z[(LtS:n)OC’ (LtSl,JZ)OC’ (LtS[)N)OC’]

(2) Ensemble forecasts are used to replace the temporal propagation
of perturbations by the TLM (as in En4DVar-NPC)

thlbi ~ Mt(xbi) - Mt(xb)

TLM avoided !!



The relationship of hybrid 4D
ensemble variational algorithms

Hybrid EndDVar  Hybrid 4DEnVar

(expensive cost)

Non-Propagation of
alpha Control variable

No Propagation of
Localization

< ‘xoiddy

Hybrid 4DENVar-NPC|  Hybrid 4DEnVar-NPL.

(cheap cost)




Equivalence of hybrid En4DVar and hybrid 4DEnVar

(S, 2C’,S.,°C,....S., oC)
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From Hybrid 4DEnVar

N N
Z(Séi oC)w, = Zxéi °o(C'w,)
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Substituting the above equation to
the Hybrid 4DEnVar cost function

Hybrid En4DVar <:>
Cost function
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Hybrid 4DEnVar
Cost function



Equivalence of 4DEnVar-NPC and 4DEnVar-NPL

Tw=[(L,S,)°C (LS,,)°C ... (LS )°C]

\

From Hybrid 4DEnVar-NPL

N
= ZLtXE)i o (C'w;).
i=1

Substituting the above equation to
the Hybrid 4DEnVar-NPL cost function
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Hybrid 4DEnVar-NPC <:> Hybrid 4DEnVar-NPL
Cost function Cost function



Single observation tests with a 1D

linear advection model
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The numerical result also proven:

En4DVar and 4DEnVar (with no approximation to the
flow-following-localization) are the same

En4DVar-NPC and 4DEnVar-NPL (with non-flow-following
localization approximation) are the same



Flow-following & non-flow-following localization

Obs Obs
(3D-DA)Y (4D-DA)
‘ >
\_ /)
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Assimilation window
Ensemble DA W/O localization Ensemble DA W/ localization
advection

] 10 20 30 40 gridsnpoirftn 70 80 90 100 0 10 20 30 40 gridﬁﬂpointsu 70 80 90 100

¢ qorith h solid: flow-following localization
(four algorithms are the same) (En4DVar/4DEnVar)

dot: non-flow-following localization
(En4DVar-NPC/4ADEnVar-NPL)



Two ftactors atfecting approximations:

Advection speed & spatial de-correlation scale

sensitivity experiments

Expl (3DDA):. obs at beginning of DA window

Exp2 (4DDA):. obs at end of DA window
(by slow speed and large scale)

Exp3 (4DDA _2S). same as Exp2,
but doubling the advection speed

Exp4 (4ADDA _L/2). same as Exp2,
but half of the error spatial de-correlation scale
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The hybrid 4DEnVAR DA system based on
the ARPS variational DA framework

 A4DEnVar-NPC is adopted as ARPS hybrid

variational algorithm because of some
reasons

1. Adjoint and tangent linear are not good
approximation in convective scale DA.

2. High resolution observations, like Radar, are
main observation source for convective DA.
Observation-space-based 4DEnVar algorithm
will get expansive computational cost.



The ARPS 4DEnVar characteristics

e 3D-recursive filter i1s used for ARPS-4DEnVar
localization.

* The capabilities for convective-scale radar DA ( Vr
and reflectivity)

« Physical constraint terms, like the divergence
constraint and Gradient Wind Balance Constrain,
can be considered in the cost function.



OSSE for a storm case

Tested with simulated data from a classic
supercell storm of 20 May 1977 near Del
City, Oklahoma

Domain : 67 x 67 x 35 grids, vertical
stretching. 2km horizontal resolution

70-min length of simulation

the de-correlation scale 1s 9.6km for
horizontal and 3km for vertical.



Single observation test

« Single observation analysis Is on 25th
minute after forecast
e Two kinds of perturbations,
1. 25 minutes forecast from background
2. 4 cycles (5min cycle interval) by EnKF



RMSE of EnKF cycling
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wind vector near observation (Vr)
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horizontal VV Wind (k=12)
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v wind vertical cross section (y=31)

A-B (3DVar)
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wind vector near observation (\Vr)
Non-cycle-perturbation .VVS. cycle-perturbation
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PT on vertical
Cross-section
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Reflectivity DA

u m/s
35.{] IIIIIIIIIIIIIIITIII!*IIIIIIIIIIII

34.0 — “ T\\ t“\ *‘\ P _'“\._
33.0 — ™~ ?:H T“*» t‘\\{_*‘hf‘_‘x_
32.0 — R :“““m f““x,_‘&\:ﬁi\ r"“\h_
31.0 — NON ONeN SN ‘x_
3@_5_: N AN N ‘“‘x_
29.0 _ TN TR R o~ "H,_
28,0 ?\j?\,“ﬁ?\qh\l

28.0 290 30,0 31.0 320 33.0 340

16
k-
Rt oon Wador

True, background and
(there are little affect to wind by reflectivity)



Y Grid

44

40

a2

28

24

20

Qr (k=12)

T-B

I | ! | | | e
N muuuuh&d&hﬁxhnnh
R T L LN
R L L L
R T o i L
I - Tt
o N N A L T
L Y Ty Ty Tk T L i I
HLL NN xuunhhummmammmaazgi
o A N L T L
T T R R T T N
LN NN N N S
L L
RN s
e T
e Tk
B L WL
NN
o e e
_xukq:hmuxxhﬁkh R e e e
Jrm T T
M e e T e T T e N N N N
JBP s s R R R R R R R R R S R s
B L A i
M M e M M T R R R N T T T T T T T T Ty ey e ey e
L N N N L L L L L L L
T T T I T T T I T T T I T T T I T T T I T T T I
20 24 28 az ag 40 44

X Grld Ll

Y Grid

Y Grid

A4

40

36

32

28

24

20

A4

40

36

a2 H

28

24

20

A-B (3DVar)

PR IR [T T N S SRS RN R

T T T T T S S S R R W R S S Sy T T Ty Ty Ty Ty B, T, W
T e T T T T S S e e Ty Sy S By Ry By T, Ry T, Ty Ty oy T Tl
TR T R R R R e e R S B R B T T, T, B, W, B, T Bl
T e T T i T e i i T e M e e i e I
e T L
B i e e
S e e e e R T, T, R, T, B, T T, e, M, B, W, M

N
S
.,
.,
%,

T e et e
M T T T T T e e e e e R S T T T R T T e, R, e, e, e, S
L R L R R RNl
T T T T T T i I
NN NN NN NN A AN

A-B (En3DVar)
1 L I T T ' 1
_{F:\‘\'\'\‘-N‘-“-“‘.‘\‘-\.‘-\.‘-\.HHHH T T, T, T, W, Tl
L L L N N e v o 4
e e e e e T e T e T e e B

. e T T T T, S Ty, Ty, By By, P, T, Py Mo, Moy oy My Ty W
_€3>\\N\thxﬂhhﬂ\mhhhhﬁkkx_
. T R s Tt I
T T T e, o, T, W, e W B ]
B . N e
L N N A A e S
T M NN e
B NN MR B e Tt I
LY LM&&HMMMRN_

T R R T R N R
_\\\k\ukkk\xx\\k

4 \\\kkk;:)‘\“'\'\ B T
_'\'\

TN R ¥
\\{ LN

20 24 28 32 aﬁ 40 44
X Grld

Flrteranca Wecizr

0.3
0.23

0.2
015

0.1
0.05

-0.05
-0.1

-0.15
-0.2

-0.25
.3

0.6
0.5
0.4
0.3

— 0.2
—1 @1

— -0.1
0.2

0.3
-0.4
-0.5
-0.6



Z Grd

Qr on vertical cross-section
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Summary

En4DVar based on the alpha control variable and 4DEnVar based on
Liu et al. algorithm are mathematically equivalent. They use flow-
following ensemble covariance localization implicitly or explicitly.

4DEnVar-NPC and 4DEnVar-NPL are approximate algorithms and
both algorithm are equivalent. They use non-flow-following
localization implicitly or explicitly

For relatively slow signal propagation and/or relatively larger error

correlation sales, En4dDVar-NPC and 4DEnVar-NPL are a good
approximation to En4DVar and 4DEnVar

4DEnVar-NPC is adopted as ARPS hybrid DA scheme.

ARPS En3DVar and EnKF OSSE result is very similar. Both have flow-
dependent analysis

Cycling updated perturbations give a better analysis for En3DVar



On-going research

Optimal horizontal and vertical localization de-
correlation scales will be found by sensitivity experiments.

The optimal relative weighing between the ensemble-
based and static background error covariance will be
obtained by sensitivity experiments

physical constraints (e.g. 2D and 3D mass continuity
constraint (Hu 2006)) will also be tested in 3/4D-EnVar to
help recover the cross-beam velocity.

Time localization will be tested on 4DEnVar

The Cycle and forecast will be compared among ARPS-
3DVar, EnKF, En3DVar and 4DEnVar



